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Abstract 

We develop a prequantum classical statistical model in that the role 
of hidden variables is played by classical (vector) fields. We call this 
model Prequantum Classical Statistical Field Theory (PCSFT). The 
correspondence between classical and quantum quantities is asymp- 
totic, so we call our approach asymptotic dequantization. In this note 
we pay the main attention to interpretation of so called pure quantum 
states (wave functions) in PCSFT, especially stationary states. We 
show, see Theorem 2, that pure states of QM can be considered as 
labels for Gaussian measures concentrated on one dimensional com- 
plex subspaces of phase space that are invariant with respect to the 
Schrodinger dynamics. "A quantum system in a stationary state ip" 
in PCSFT is nothing else than a Gaussian ensemble of classical fields 
(fluctuations of the vacuum field of a very small magnitude) which is 
not changed in the process of Schrodinger's evolution. We interpret in 
this way the problem of stability of hydrogen atom. 



Keywords: Prequantum Classical Statistical Field Theory, complete- 
ness of QM, hidden variables, interpretation of pure quantum states, 
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1 INTRODUCTION 



The problem of completeness of QM has been an important source of 
investigations on quantum foundations, see, e.g., for recent debates 
Ref. [l]-[6]. Now days this problem is typically regarded as the prob- 
lem of hidden variables. This problem is not of purely philosophic 
interest. By constructing a model that would provide a finer descrip- 
tion of physical reality than given by the quantum wave function 
we obtain at least theoretical possibility to go beyond quantum me- 
chanics. In principle, we might find effects that are not described by 
quantum mechanics. One of the main barriers on the way beyond 
quantum mechanics are various "NO-GO" theorems (e.g., theorems of 
von Neumann, Kochen-Specker, Bell,...). Therefore by looking for a 
prequantum classical statistical model one should take into account all 
known "NO-GO" theorems. 

In a series of papers [7] there was shown that in principle all distin- 
guishing features of quantum probabilities (e.g., interference, Bom's 
rule, representation of random variables by noncommuting operators) 
can be obtained in classical (but contextual) probabilistic framework. 
The main problem was to find a classical statistical model which would 
be natural from the physical viewpoint. One of such models was pre- 
sented in [8]. It was shown that it is possible to represent quantum 
mechanics as an asymptotic projection of classical statistical mechan- 
ics on infinite- dimensional phase space Q = H x H, where H is Hilbert 
space. By realizing Hilbert space H as the L2(R 3 )-space we obtain 
the representation of prequantum classical phase space as the space 
of classical (real vector) fields ip(x) = (q(x),p(x)) on R 3 . We call 
this approach to the problem of hidden variables Prequantum Classi- 
cal Statistical Field Theory, PCSFT. In this model quantum states are 
just labels for Gaussian ensembles of classical fields. Such ensembles 
(Gaussian measures p) are characterized by zero mean value and very 
small dispersion: 

/ / [P 2 (x) + q 2 (x)]dxdp(q,p) = a, a 0. (1) 

JL 2 (R 3 )xL 2 (R 3 ) JR 3 

This dispersion is a small parameter of the model. Quantum mechanics 
is obtained as the lim a ^o of PCSFT. 

Let us consider the "classical vacuum field." In PCSFT it is rep- 
resented by the function ^Vacuum = 0. Since a Gaussian ensemble of 
classical fields has the zero mean value, these fields can be considered 
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as random fluctuations of the "classical vacuum field." Since dispersion 
is very small, these are very small fluctuations. There is some similar- 
ity with SED and stochastic QM, cf. [9]. The main difference is that 
we consider fluctuations not on "physical space" R 3 , but on infinite 
dimensional space of classical fields. 

In [8] we studied asymptotic expansions of Gaussian integrals of 
analytic functionals and obtained an asymptotic equality coupling the 
Gaussian integral and the trace of the composition of scaling of the 
covariation operator of a Gaussian measure and the second derivative 
of a functional. In this way we coupled the classical average (given by 
an infinite-dimensional Gaussian integral) and the quantum average 
(given by the von Neumann trace formula). In [8] there was obtained 
generalizations of QM that were based on expansions of classical field- 
functionals into Taylor series up to terms of the degree n = 2,4,6, .. 
(for n = 2 we obtain the ordinary QM). 

In the present paper we change crucially the interpretation of the 
small parameter of our model. In [8] this parameter was identified with 
the Planck constant h (in making such a choice I was very much stimu- 
lated by discussions with people working in SED and stochastic quan- 
tum mechanics, cf. [9]). In this we paper consider a as a new param- 
eter giving the dispersion of prequantum fluctuations. We construct a 
one parameter family of classical statistical models M a , a > 0. QM is 
obtained as the limit of classical statistical models when a — > : 

lim iM a = iV quant , (2) 

a— »U 

where iV quant is the Dirac-von Neumann quantum model [10], [11]. Our 
approach should not be mixed with deformation quantization, see, e.g., 
[12]. In the formalism of deformation quantization classical mechanics 
on the phase-space f^n = R 2n is obtained as the lim^o of quantum 
mechanics (the correspondence principle). In the deformation quan- 
tization the quantum model is considered as depending on a small 
parameter h : iVq Uan t = N^ umit , and formally 

I™ Equant = ^conv.class. (3) 

where M conv c i ass . is the conventional classical model with the phase- 
space f^n- 

The main problem is that our model does not provide the magni- 
tude of a. We may just speculate that there might be some relations 
with scales of quantum gravity and string theory. 
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In this article we pay the main attention to the interpretation of 
so called pure states in PCSFT, especially so called stationary states. 
We show, see Theorem 2, that pure states of QM can be interpreted as 
simply labels for Gaussian measures concentrated on one dimensional 
complex subspaces of phase space that are invariant with respect to the 
Schrodinger dynamics. Thus PCSFT implies the following viewpoint 
to quantum stationarity. First of all this is not deterministic classi- 
cal stationarity. Nevertheless, this is purely classical, but stochastic 
stationarity, cf. [13]. "A quantum system in a stationary state ip" in 
PCSFT is nothing else than a Gaussian ensemble of classical fields 
(fluctuations of the vacuum field of a very small magnitude) which is 
not changed in the process of Schrodinger's evolution. We interpret in 
this way the problem of stability of hydrogen atom, see section 7. Here 
"an electron on a stationary orbit" is a stationary Gaussian ensemble of 
classical fields. The structure of these Gaussian fluctuations provides 
the picture of a bound state. 

To simplify the introduction to PCSFT, in papers [8] we considered 
quantum models over the real Hilbert space and only in section 5 of the 
second paper in [8] there were given main lines of generalization to the 
complex Hilbert space. In this paper we start directly with the complex 
case. Here the crucial role is played by the symplectic structure on the 
infinite-dimensional phase space f2, cf. [12]. In particular, in our model 
all classical physical variables should be invariant with respect to the 
symplectic operator J, J 2 = —I. 

We show that the Schrodinger dynamics is nothing else than Hamil- 
ton dynamics on f2. Therefore quantum stationary states can be con- 
sidered as invariant measures (concentrated on J-invariant planes of 
phase space Q) of special infinite- dimensional Hamiltonian systems. 

In contrast to [8], in this paper we study asymptotic of classical 
averages (given by Gaussian functional integrals) on the matheatical 
level of rigor. We find a correct functional class in that such expansions 
are valid and obtain an estimate of the rest term in the fundamental 
asymptotic formula coupling classical and quantum averages. 

2 ASYMPTOTIC DEQUANTIZATION 

We define "classical statistical models" in the following way, see [8] for 
more detail (and even philosophic considerations): a) physical states 
to are represented by points of some set O (state space); b) physical 
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variables are represented by functions / : f2 — ► R belonging to some 
functional space V(Q); c) statistical states are represented by prob- 
ability measures on f2 belonging to some class S(Q); d) the average 
of a physical variable (which is represented by a function / € V(Q)) 
with respect to a statistical state (which is represented by a probability 
measure p 6 S(U)) is given by 



A classical statistical model is a pair M = (S,V). We recall that 
classical statistical mechanics on the phase space — RL n x R, n 
gives an example of a classical statistical model. But we shall not 
be interested in this example in our further considerations. We shall 
develop a classical statistical model with an infinite-dimensional phase- 
space. 

The conventional quantum statistical model with the complex Hilbert 
state space Q c is described in the following way (see Dirac-von Neu- 
mann [10], [11] for the conventional complex model): a) physical ob- 
servables are represented by operators A : J7 C — ► £l c belonging to the 
class of continuous self-adjoint operators C s = £ S (Q. C ); b) statistical 
states are represented by von Neumann density operators, see [4] (the 
class of such operators is denoted by V = P(Q C )); d) the average of a 
physical observable (which is represented by the operator A 6 £ S (Q C )) 
with respect to a statistical state (which is represented by the density 
operator D G V(Q C )) is given by von Neumann's formula [11]: 



The quantum statistical model is the pair iVq Uant = (T>,£ s ). 

We are looking for a classical statistical model M = (S, V) which 
will give "dequantization" of the quantum model iVq Uant = (T>,jC s ). 
Here the meaning of "dequantization" should be specified. In fact, all 
"NO-GO" theorems (e.g., von Neumann, Kochen-Specker, Bell,...) can 
be interpreted as theorems about impossibility of various dequantiza- 
tion procedures. Therefore we should define the procedure of dequan- 
tization in such a way that there will be no contradiction with known 
"NO-GO" theorems, but our dequantization procedure still will be nat- 
ural from the physical viewpoint. We define (asymptotic) dequantiza- 
tion as a family M a = (S a , V) of classical statistical models depending 
on small parameter a > 0. There should exist maps T : S a — > V and 
T : V — > C s such that: a) both maps are surjections (so all quantum 




< A >d= Tr DA 



(5) 
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objects are covered by classical); b) the map T : V — > C s is R-linear 
(we recall that we consider real- valued classical physical variables); 
c) the map T : S — > V is injection (there is one-to one correspon- 
dence between classical and quantum statistical states); d) classical 
and quantum averages are coupled through the following asymptotic 
equality: 

< / > p = a < T(f) > T(p) +o(a), a ->■ (6) 
(here < T(f) >T(p) 1S the quantum average); so: 

/ fWdpty) = a Tr DA + o(a), A = T(f), D = T(p). (7) 

This equality can be interpreted in the following way Let f(tp) be a 
classical physical variable (describing properties of microsystems - clas- 
sical fields having very small magnitude a). We define its amplification 
by: 

faW = -f(i>) (8) 
a 

(so any micro effect is amplified in —times). Then we have: < 
fa > P =< T(f) > T(p) +o(l), a -> 0, or 

[ UWdpty) =TrDA + o(l), A = T(f),D = T(/>). (9) 

Thus: Quantum average Classical average of the ^-amplification. 
Hence: QM is a mathematical formalism describing a statistical ap- 
proximation of amplification of micro effects. 

We see that for physical variables/quantum observables and clas- 
sical and quantum statistical states the dequantization maps have dif- 
ferent features. The map T : V — > C s is not injective. Different 
classical physical variables f\ and fa can be mapped into one quan- 
tum observable A. This is not surprising. Such a viewpoint on the 
relation between classical variables and quantum observables was al- 
ready presented by J. Bell, see [14]. In principle, experimenter could 
not distinguish classical ("ontic") variables by his measurement devices. 
In contrast, the map T : S a — > V is injection. Here we suppose that 
quantum statistical states represent uniquely ("ontic") classical statis- 
tical states. 

The crucial difference with dequantizations considered in known 
"NO-GO" theorems is that in our case classical and quantum averages 
are equal only asymptotically and that a classical variable / and the 
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corresponding quantum observable A = T{f) can have different ranges 
of values. 



3 PREQUANTUM CLASSICAL STA- 
TISTICAL MODEL 



We choose the phase space 0, = Q x P, where Q = P = H and 
H is the infinite-dimensional real (separable) Hilbert space. We con- 
sider Q as the real Hilbert space with the scalar product (tpi,tp2) = 
(ft; 92) + (pi,P2)- We denote by 3 the symplectic operator on Q : 3 = 



operators A : f2 — > which commute with the symplectic operator: 



This is a subalgebra of the algebra of bounded linear operators C(Q). 
We also consider the space of £ symPiS (f2) consisting of self-adjoint op- 
erators. 

By using the operator 3 we can introduce on the phase space f2 
the complex structure. Here 3 is realized as —i. We denote $1 endowed 
with this complex structure by f2 c : 17 c = Q © iP. We shall use it 
later. At the moment consider Q as a real linear space and consider 
its complexification fi c = Q, © iQ. 

Let us consider the functional space V sym p(^) consisting of func- 
tions / : Q — > R such that: 

a) the state of vacuum is preserved : /(0) = 0; 

b) / is J-invariant: f(Jip) = f(ip); 

c) / can be extended to the analytic function / : O c — ► C having 
the exponential growth: 



estimate on O c plays the important role in the asymptotic expan- 
sion of Gaussian integrals. To get a mathematically rigor formulation, 
conditions in [8] should be reformulated in the similar way. 

The following trivial mathematical result plays the fundamental 
role in establishing classical — > quantum correspondence: Let f be a 




. Let us consider the class £ symp (f2) of bounded R-linear 



A3 = 3 A 



(10) 
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smooth J -invariant function. Then f"(0) G £ symPjS (f2). In particular, 
a quadratic form is J-invariant iff it is determined by an operator 
belonging to £ S ymp,s 

We consider the space statistical states (fi) consisting of 

measures pontt such that: a) p has zero mean value; b) it is a Gaussian 
measure; c) it is J-invariant; d) its dispersion has the magnitude a. 
Thus these are J-invariant Gaussian measures such that 

f ipdpty) = and a 2 {p) = [ \\4>\\ 2 dp(4>) = a, a ->■ 0. 
Jn Jn 

Such measures describe small Gaussian fluctuations of the vacuum 
field. 

The following trivial mathematical result plays the fundamental 
role in establishing classical — ► quantum correspondence: Let a mea- 
sure p be J-invariant. Then its covariation operator B = cov p £ 
(n). Here {By 1 ,y 2 ) = J(yi, Y>)(y2, V')^P(V')- 

We now consider the complex realization O c of the phase space and 
the corresponding complex scalar product <-,->. We remark that 
the class of operators £ symp (fi) is mapped onto the class of C-linear 
operators C(Q C )- We also remark that, for any A £ £ symPiS (n), real 
and complex quadratic forms coincide: 

(Ail), if)) =< Aip,ip > . (11) 

We also define for any measure its complex covariation operator B c = 
cov c p by 

< B c y 1 ,y 2 >= j < yi,tp >< tp,y 2 > dp(ip). 

We remark that for a J-invariant measure p its complex and real co- 
variation operators are related as B c = 2B. As a consequence, we 
obtain that any J-invariant Gaussian measure is uniquely determined 
by its complex covariation operator. 

Remark. (The origin of complex numbers) In our approach the 
complex structure of QM has a natural physical explanation. The 
prequantum classical field tp(x) ("background field") is a vector field, 
so tp(x) has two real components q(x) and p(x). And these compo- 
nents are coupled in such a way that physical variables of the -0-field, 
/ = f(q,p), are J-invariant. Second derivatives of such functionals 
are J-invariant R-linear symmetric operators, f"(0) 6 £ symPjS (f2). As 
pointed out, this space of operators can be represented as the space 
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of C-linear operators C S (Q C ). But QM takes into account only second 
derivatives of functionals of the vector prequantum field. 

As in the real case [8], we can prove that for any operator A £ 

^symp,s (^) • 

/ < Atp, i> > dp(ip) = Tr cov c p A. (12) 

We pay attention that the trace is considered with respect to the com- 
plex inner product. We consider now the one parameter family of 
classical statistical models: 

M a = (S^ symp (n),V symp (n)), a>0, (13) 

Lemma 1. Let f £ V symp (f2) and let p G S Gsymp (H.). Then the 
following asymptotic equality holds: 

a 

</> p =-TrD c f"(0)+o(a), a ^ 0, (14) 

where the operator D c = cov c p/a. Here 

o(a) = a 2 R(a,f,p), (15) 

where \R(a,f,p)\ < c f J n e r f^dp D c(^). 

Here pn c is the Gaussian measure with zero mean value and the 
complex covariation operator D c . 

We see that the classical average (computed in the model M a = 
(Sq symp (^)> Vsymp(^)) by using the measure-theoretic approach) is 
coupled through (11411 to the quantum average (computed in the model 
-Equant = C^(^c), £s(^c)) by the von Neumann trace- formula) . 

The equality lfl"4*|) can be used as the motivation for defining the 
following classical — » quantum map T from the classical statistical 
model M a = (S G symp , V sym p) onto the quantum statistical model 

-Equant = Y^i^-'s) '■ 

T:S^ symp (n)^V(n c ), D c = T{p) = C -^ (16) 

(the Gaussian measure p is represented by the density matrix D c which 
is equal to the complex covariation operator of this measure normalized 
by a); 

T : V symp (ft) - £ S (Q C ), ,4 quant = T(f) = i/"(0). (17) 
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Our previous considerations can be presented as 

Theorem 1. The one parametric family of classical statistical 
models M a = (Sq symp (^), V symp (f2)) provides dequantization of the 
quantum model iVquant = (V(£l c ), £ S (Q C )) through the pair of maps 
1 16)) and 111 7]) . The classical and quantum averages are coupled by the 
asymptotic equality JT^ . 

4 PURE STATES 

Let ^ = u + iv S f2 c , so u £ Q,v £ P and let ||^|| = 1. By using 
the conventional terminology of quantum mechanics we say that such 
a normalized vector of the complex Hilbert space represents a pure 
quantum state. By Born's interpretation of the wave function a pure 
state ^ determines the statistical state with the density matrix: 

Dv = ty®iSr (18) 

This Born's interpretation of the - which is, on one hand, the pure 
state (normalized vector \& G Sl c ) and, on the other hand, the statis- 
tical state - was the root of appearance in QM such a notion as 
individual (or irreducible) randomness. Such a randomness could not 
be reduced to classical ensemble randomness, see von Neumann [11]. 

In our approach the density matrix Dq, has nothing to do with the 
individual state (classical field). The density matrix is the image 
of the classical statistical state - the J-invariant Gaussian measure 
P* = Pb 9 on the phase space that has the zero mean value and the 
complex covariation operator 

PCSFT-interpretation of pure states. There are no "pure 
quantum states. " States that are interpreted in the conventional quan- 
tum formalism as pure states, in fact, represent J-invariant Gaus- 
sian measures having two dimensional supports. Such states can be 
imagined as fluctuations of fields concentrated on two dimensional real 
planes of the infinite dimensional state phase-space. 

5 SCHRODINGER'S DYNAMICS 

States of systems with the infinite number of degrees of freedom - 
classical fields - are represented by points tp = (q,p) £ O,; evolution 
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of a state is described by the Hamiltonian equations. We consider a 
quadratic Hamilton function: H(q,p) = ^(H.ip,ip), where H : Q —* f2 
is an arbitrary symmetric (bounded) operator; the Hamiltonian equa- 
tions have the form: q = H21Q + H22P, V = — (H-nQ + Hi2P), or 

i; = ( Q A = JH^ (19) 

(Thus quadratic Hamilton functions induce linear Hamilton equations.) 
From (|T9|l we get ip(t) = Utift, where Ut = e jm . The map Utip is a 
linear Hamiltonian flow on the phase space O. Let us consider an op- 

(R T \ 
j, J . This operator defines the 

quadratic Hamilton function H(q,p) = h[(Rp,p) +2(Tp,q) + (Rq,q)], 
where R* = R, T* = —T. Corresponding Hamiltonian equations have 
the form 

q = Rp — Tq, p = —{Rq + Tp). 

We pay attention that for a J-invariant Hamilton function, the Hamil- 
tonian flow Ut € £ S ymp(^)- By considering the complex structure on 
the infinite-dimensional phase space fl we write the Hamiltonian equa- 
tions (|T?Hl in the form of the Schodinger equation on S7 C : 

its solution has the following complex representation: ip(t) = Uti/>, Ut = 
e~ lHf . We consider the Planck system of units in that h = 1. This is the 
complex representation of flows corresponding to quadratic J-invariant 
Hamilton functions. 

By choosing H = L2(R n ) we see that the interpretation of the 
solution of this equation coincides with the original interpretation of 
Schrodinger - this is a classical field tp(t,x) = (q(t,x),p(t,x). 

Example 1. Let us consider an important class of Hamilton func- 
tions 

H(q,p) = ^[{Rp,p) + (Rq,q)), (20) 

where R is a symmetric operator. The corresponding Hamiltonian 
equations have the form: 

q = Rp, p= -Rq. (21) 

We now choose H = L2(R 3 ), so q[x) and p(x) are components of 
the vector- field tp(x) = (q(x),p(x)). We can call fields q(x) and p(x) 
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mutually inducing. The field p(x) induces dynamics of the field q(x) 
and vice versa, cf. with electric and magnetic components, q(x) = 
E(x) and p(x) = B(x), of the electromagnetic field, cf. Einstein 
and Infeld [15], p. 148: "Every change of an electric field produces 
a magnetic field; every change of this magnetic field produces an elec- 
tric field; every change of and so on." We can write the form 
JlU as H{q,p) = \ J R6 R(x,y)[q{x)q(y) + p(x)p{y)]dxdy or H(ip) = 
\ J R6 R(x, y)ip(x)ip(y)dxdy, where R(x,y) = R(y,x) is in general a 
distribution on R 6 . We call such a kernel R(x,y) a self-interaction po- 
tential for the background field ij}{x) = (q(x),p(x)). We pay attention 
that R(x,y) induces a self-interaction of each component of the ip(x), 
but there is no cross-interaction between components q(x) and p{x) of 
the vector-field tp(x). 

6 STATIONARY PURE STATES AS REP- 
RESENTATION OF INVARIANT GAUS- 
SIAN MEASURES FOR SCHRODINGER'S 
DYNAMICS 

All Gaussian measures considered in this section are supposed to be 
J-invariant. 

As we have seen in section?, so called pure states ^, ||^|| = 1, 
are just labels for Gaussian measures concentrated on one dimensional 
(complex) subspaces of the infinite- dimensional phase-space O. In 
this section we study the case of so called stationary (pure) states in 
more detail. The a-scaling does not play any role in present considera- 
tions. Therefore we shall not take it into account. We consider a pure 
state ^, 1 1^| | = 1, as the label for the Gaussian measure vq, having the 
zero mean value and the covariation operator cov c zaj/ = ^ ® 

Theorem 2. Let v be a Gaussian measure (with zero mean value) 
concentrated on the one-dimensional (complex) space corresponding to 
a normalized vector Then v is invariant with respect to the unitary 
dynamics Ut = e~** H , where H : Q — > is a bounded self-adjoint 
operator, iff * is an eigenvector of H. 

Proof. A). Let = A^. The Gaussian measure U^v has the 
covariation operator Bf = U t (^f (g> V)U* = U t V ® U t V = e~ itx ^/ <S> 
e -it\^, = \j/ (g) \jy. Since all measures under consideration are Gaussian, 
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this implies that Uj*v = v. Thus v is an invariant measure. 

B). Let U*v = v and v = for some ^, \\^\\ = 1. We have that 
UJS U t V = * <g> <£, Thus, for any ip 1 , V>2 G ^, we have 

< lpl,U t V >< U t ^,tp2 > = < ipi,^ >< Vjlfa > ■ 

Let us set V2 = We obtain: < ipx,c(t)U t ^f >=< ipi,^f >, where 
c(t) =< Ut^, * > . Thu s c^jUt^f = We pay atten tion that c(0) = 
||^|| 2 = 1. Thus c'(O)* - iH^ = 0, or = - ^'(O)^. Thus ^ 
is an eigenvector of H with the eigenvalue — zc'(0). We remark that 
c'( 0) = -i < Hf,^ >; so <7(0) = i < Htf,tf > . Hence, A = 
-ic'(O) =< H,#,# > . 

Conclusion. Stationary states of quantum Hamiltonian repre- 
sented by a bounded self-adjoint operator H are just labels for Gaussian 
one-dimensional measures (with the zero mean value) that are invari- 
ant with respect to the Schrddinger dynamics Ut = e~** H . 

We now describe all possible Gaussian measures which are Ut- 
invariant. 

Theorem 3. Let H be a bounded self-adjoint operator with purely 
discrete nondegenerate spectrum: H'J'fc = Xk^k, so {^k} is an or- 
thonormal basis consisting of eigenvectors o/H. Then any Ut-invariant 
Gaussian measure v (with the zero mean value) has the covariance op- 
erator of the form: 

00 

B c = Y J Ck^k®^k,c k >0, (22) 

k=l 

and vice versa. 

Proof. A). Let cov c z^ = B c has the form {22). Then 

00 

cov c U?v = U t BU* = J2cke~ iXkt ^ k 8> e~ iXkt ^ k = co\ c v = B c . 

k=l 

Since measures are Gaussian, this implies that U^v = v for any t. 

B). Let UfV = v for any t. We remark that any covariation operator 
B c can be represented in the form: 

00 

B c = < B ^k, $>k>^k®^k + ^2< B^ k , >$> k ® 

k=l k^j 
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We shall show that < B^^^j >= for k / j. Denote the operator 
corresponding to J2k^j by Z. We nave 

< U t ZUtifo.,ih >= Yl < > e it(x i- x ^ < ^ k ,%b 2 >< Y>i,*j >=< z^,ip 2 > • 

Set ipi = ^j,i/j2 = Then 

< U t ZU;Vj, >=< B^ fc , *j > e**^ - ^) =< Bffe, *j > . 
Thus < £1^, *j >= 0, k ^ j. 

7 STABILITY OF HYDROGEN ATOM 
IN PCSFT 

As we have seen, in PCSFT so called stationary (pure) states of quan- 
tum mechanics are just labels for Gaussian measures (which are J- 
invariant and have zero mean value) that are [/^-invariant. We now 
apply our standard a-scaling argument and we see that a stationary 
state VP is a label for the Gaussian measure with cov c p$, = a\E'<g>\E'. 
This measure is concentrated on one-dimensional (complex) subspace 
Sly of phase space Q. Therefore each realization of an element of the 
Gaussian ensemble of classical fields corresponding to the statistical 
state gives us the field of the shape ^f(x), but magnitudes of these 
fields vary from one realization to another. But by Chebyshov in- 
equality probability that = J R 3 |^(x)| 2 (ix is large is negligibly 
small. 

Thus we have Gaussian fluctuations of very small magnitudes of the 
same shape ^(x). In PCSFT a stationary quantum state can not be 
identified with a stationary classical field, but only with an ensemble 
of fields having the same shape ^(x). Let us now compare descriptions 
of dynamics of electron in hydrogen atom given by quantum mechanics 
and our prequantum field theory. 

In quantum mechanics stationary bound states of hydrogen atom 
are of the form: 

*nim(r,M) = c n ^R l L 2 ^(R)e- R l 2 Yr(eA), 

where R = and an = -^r is a characteristic length for the atom 
(Bohr radius). We are mainly interested in the presence of the com- 
ponent e -R / 2 . 
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In PCSFT this stationary bound state is nothing else, but the label 
for the Gaussian measure p* nim which is concentrated on the subspace 
Q\$ nlm . Thus PCSFT says that "electron in atom" is nothing else as 
Gaussian fluctuations of the classical field ^ n i m (r, 9, <fi) : 

4>nim(r, 9, 4>\ u>) = ~t{Lu)^ n i m {r, (9, 0), (23) 

where 7(0;) is the C- valued Gaussian random variable: £7 = 0, E\^\ 2 = 
a. 

The intensiveness of the field ^ n im( r , 9, <j), to) varies, but the shape 
is the same. Therefore this random field does not produce any signifi- 
cant effect for large R (since e~ R l 2 eliminates such effects). 

Thus in PCSFT the hydrogen atom stable, since the prequantum 
random fields ip n im(r, 6 , 0; u) have a special shape (decreasing expo- 
nentially R — ► 00). 

This is a good place to discuss the role of physical space represented 
by R 3 in our model. In PCSFT the real physical space is Hilbert 
space. If we choose the realization H = L,2(R 3 ), then we obtain the 
realization of H as the space of classical fields on R 3 . So conventional 
space R 3 appears only through this special representation of Hilbert 
configuration space. Dynamics in R 3 in just a shadow of dynamics in 
the space of fields. However, we can choose other representations of 
Hilbert configuration space. In this way we shall obtain classical fields 
defined on other "physical spaces." 



8 APPENDIX 

Proof of Lemma 1. In the Gaussian integral J n f(ip)dp(ip) we make 
the scaling: 

V> - (24) 

We denote the image of the measure p under this change of variables by 
Pdc, since the latter measure (which is also Gaussian) has the complex 
covariation operator D c . We have: 

<f> P = [ f{yfal>)dpD*{$) = % I (/"(0)^) d PD c^)+ a 2 R(a,f,pD c ), 
Jn 1 Jn 

(25) 

where 

„ 00 n/2— 2 

R(a,f,p)= / g{a,f^)dp D ^),g{aJ^) = £ /W(0)ty, # 
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We pay attention that 

(/'(o), ^)d PD ^) = o, / /'''(OXV^.VO^M = o, 



n 

because the mean value of /O (and, hence, of pd c ) is equal to zero. 
Since p E Sq (£1), we have Tr D c = 1. We now estimate the rest 
term R(a,f,p). We recall the following inequality for functions of the 
exponential growth: 

||/W(0)|| <cr n , n = 0,1,2,... (26) 

This inequality is well known for analytic functions of the exponential 
growth / : C n — > C. It was generalized to infinite-dimensional case in 
[16]. 

By using this inequality we have for a < 1 : 

n=4 n=4 

Thus: \R(a,f,p)\ < c f f n e r f^dp D c(^p). We obtain: 

<f> P = \ j U"{mA) d PD c(i>) + o(a), a^O. (27) 

By using the equalities (|TT|) and (|T2|l we finally come the asymptotic 
equality (HJ) . 
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